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1 Introduction
At low energies E ≪ MW , the interactions of leptons and hadrons are described by QCD +
QED up to corrections of order (E/MW ). If we disregard the electromagnetic interactions,
we are left with QCD that contains only a few parameters: the renormalization group
invariant scale Λ and the running quark masses mu, md, ms . . .. The quark masses mu, md
and ms are small on a typical hadronic scale like the mass of the rho or of the proton.
It makes therefore sense to consider the limit where these masses are set equal to zero
(chiral limit). The remaining quarks c, b, . . . are not light: although one may of course
study the theoretical limit in which these masses also vanish, it does not seem to be
possible to recover the actual mass values by an expansion around that limiting case. At
low energies, a better approximation is obtained if the quarks c, b, . . . are instead treated
as infinitely heavy. In this limit, the degrees of freedom associated with these quarks
freeze and may be ignored in the effective low energy theory.
In the chiral limit, QCD contains therefore only one parameter, the scale Λ. The mass
of the proton is a pure number multiplying Λ, and likewise for all the other states of the
theory – the numbers Mρ/Mp,M∆/Mp, . . . are determined in a parameter free manner.
In this sense, the chiral limit of QCD may be called a theory without any adjustable
parameters: QCD is of course unable to predict the value of Mp in GeV units, but it
determines all dimensionless hadronic quantities in a parameter free manner. The elastic
cross section for pp scattering e.g. is some fixed function of the variables s/M2p and t/M
2
p
, multiplying the square of the Compton wavelength of the proton.
It is unfortunately very difficult to really calculate masses, cross sections and decay
amplitudes in this beautiful theory, because the lagrangian of QCD is formulated in terms
of quark and gluon fields which do not create asymptotically observed particles. Several
methods have therefore been devised in the past to cope with this problem in different
regimes of the energy scale:
i) Processes at high energies. At high energies, the effective coupling constant αQCD
becomes small, and conventional perturbation theory in αQCD is applicable.
ii) Lattice calculations. This is the only method known today which leads directly from
the QCD lagrangian to the mass spectrum, decay matrix elements, scattering lengths etc.
On the other hand, the CPU time needed for full fledged QCD calculations is enormous,
and I believe that one may still have to wait a long time before this program achieves the
accuracy one is aiming at in the framework of effective field theory.
iii) Chiral perturbation theory (ChPT). This method exploits the symmetry of the
QCD lagrangian and its ground state: one solves in a perturbative manner the constraints
imposed by chiral symmetry and unitarity by expanding the Green functions in powers
of the external momenta and of the quark masses mu, md and ms. To illustrate the idea,
consider the process π+(p1)π
−(p2) → π0(p3)π0(p4). Chiral symmetry implies that the
corresponding scattering amplitude has the following form near threshold,
T =
M2π − s
F 2π
+O(p4) ; s = (p1 + p2)
2 , (1.1)
where Fπ = 92.4 MeV is the pion decay constant, and Mπ denotes the pion mass. This
result is due to Weinberg [1], who used current algebra and PCAC to analyse the Ward
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identities for the four-point functions of the axial currents. It displays the first order term
in a systematic expansion of the scattering amplitude in powers of momenta and of quark
masses. This term algebraically dominates the remainder, denoted by the symbol O(p4),
for sufficiently small energies and thus provides an accurate parameterization of the full
amplitude near threshold. As one goes away from threshold, the higher order terms come
into play. We will see in the following that ChPT is a method that allows one to determine
these corrections in a systematic manner.
ChPT is a particular example of an effective field theory (EFT). The method is in
use since about 20 years, and it was therefore not possible to provide a detailed review
in my lectures – for a recent comprehensive introduction to ChPT, I refer the reader
to [2]. Instead, I discussed a few basic principles and applications, in the hope that
students become interested in this fascinating topic and continue with their own studies
and research projects.
The article is organized as follows. In section 2, the flavor symmetries of QCD are
discussed, and their Nambu-Goldstone realization explained. In section 3, the Goldstone
theorem is stated and illustrated with the free scalar field, with the linear sigma model
(LσM ) and with QCD. In addition, the interaction of the Goldstone bosons at low energy
is investigated. Section 4 contains a discussion of the effective field theory of the LσM and
of QCD at low energy. In section 5 are illustrated some calculations with these EFT, and
section 6 contains a detailed discussion of the elastic ππ scattering amplitude in this
framework. In section 7, it is shown how Roy equations may be used to determine low-
energy constants that appear in the calculation of the ππ scattering amplitude. A short
outlook on other topics is given in section 8.
4
2 QCD with two flavours
In this section, I discuss the flavour symmetries of QCD.
2.1 Symmetry of the lagrangian
The lagrangian of QCD is
L = − 1
2g2
〈GµνGµν〉c + Lud , (2.1)
where
Lud = u¯ 6Du+ d¯ 6Dd−muu¯u−mdd¯d
= (u¯ d¯)
( 6D −mu 0
0 6D −md
)(
u
d
)
; 6D = iγu(∂µ − iGµ) .
Gµν denotes the field strength associated with the gluon field Gµ, and 〈A〉c stands for the
color trace of the matrix A.
It is useful to introduce left- and right-handed spinors,
uL =
1
2
(1− γ5)u , uR = 1
2
(1 + γ5)u ,
Lud = (u¯L d¯L)
( 6D 0
0 6D
)(
uL
dL
)
− (u¯L d¯L)
(
mu 0
0 md
)(
uR
dR
)
+ L↔ R .
QCD makes sense for any value of the quark masses. For mu = md = 0, the lagrangian
(2.1) is invariant under U(2) rotations of the left- and right-handed fields,
(
uI
dI
)
⇒ VI
(
uI
dI
)
; VI ∈ U(2) , I = L,R . (2.2)
In other words, gluon interactions do not change the helicity of the quarks, see Fig. 1. On
the other hand, the terms proportional to the quark masses are not invariant under the
transformations (2.2), see Fig. 2.
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Figure 1: Gluon interactions do not change the helicity of the quarks
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Figure 2: The mass terms change the helicity of the quarks
According to the theorem of E. Noether, there is one conserved current for each contin-
uous parameter in the symmetry group. As the group U(2) has four real parameters, one
expects eight conserved currents. However, due to quantum effects, one of these currents
is not conserved, as a result of which there are only seven conserved currents in the limit
of vanishing quark masses,
Laµ = q¯Lγµ
τa
2
qL , R
a
µ = q¯Rγµ
τa
2
qR ; a = 1, 2, 3
Vµ = q¯γµq ; q =
(
u
d
)
. (2.3)
The world at
mu = md = 0
is called the chiral limit of QCD, and the above statements are summarized as: In the
chiral limit, LQCD is symmetric under global SU(2)L× SU(2)R×U(1)V transformations.
The corresponding 7 Noether currents (2.3) are conserved.
2.2 Symmetry of the ground state
It is useful to introduce in addition the vector and axial currents
V µa = q¯γµ
τa
2
q = Lµa +Rµa ,
Aµa = q¯γµγ5
τa
2
q = Rµa − Lµa ; a = 1, 2, 3 .
The corresponding 6 axial and vector charges QaA,V are conserved and commute with the
hamiltonian H0 = HQCD|mu=md=0,
[H0, Q
a
V ] = [H0, Q
a
A] = 0 ; a = 1, 2, 3 . (2.4)
Consider now eigenstates of H0,
H0|ψ〉 = E|ψ〉 .
Then the states QaA|ψ〉 and QaV |ψ〉 have the same energy E, but carry opposite parity.
On the other hand, there is no trace [3] of such a symmetry in nature. The resolution
of the paradox has been provided by Nambu and Lasinio back in 1960 [4]: whereas the
vacuum is annihilated by the vector charges, it is not invariant under the action of the
axial charges,
QaV |0〉 = 0 , QaA|0〉 6= 0 . (2.5)
There are two important consequences of this assumption:
i) The spectrum of H0 contains three massless, pseudoscalar particles (Goldstone
bosons (GB); Goldstone [5]). We will see more of this in the following section.
ii) The axial charges QaA, acting on any state in the Hilbert space, generate Goldstone
bosons,
QaA|ψ〉 = |ψ,G1, . . . , GN , . . .〉 .
These are not one-particle states, and are therefore not listed in PDG, and there is
therefore no contradiction anymore.
A theory with (2.4), (2.5) is called spontaneously broken: the symmetry of the hamiltonian
is not the same as the symmetry of the ground state.
Where are the three massless, pseudoscalar states? The three pions π±, π0 are the
lightest hadrons. They are not massless, because the quark masses are not zero in the
real world [6]:
mu ≃ 5MeV ,
md ≃ 9MeV . (2.6)
In the following, we assume that the flavour symmetry of QCD is spontaneously broken
to the diagonal subgroup,
SU(2)L × SU(2)R → SU(2)V
and work out the consequences for the interactions between the Goldstone bosons.
Remark: Vafa and Witten [7] have shown that – modulo highly plausible assumptions
– the vector symmetry SU(2)V is not spontaneously broken.
2.3 A remark on isospin symmetry
Even if the quarks are not massless, the QCD lagrangian has a residual symmetry at
mu = md: it is invariant under the transformations (2.2) with VR = VL ∈ SU(2). This
symmetry is called isospin symmetry. We know from textbooks that isospin symmetry
violations in the strong interactions are small1. On the other hand, according to (2.6),
one has
md/mu ≃ 1.8 . (2.7)
1There are two sources of isospin violations: those due to electromagnetic interactions, and those due
to the difference in the up and down quark masses
7
How can then isospin be a good symmetry if the quark masses differ so much? Consider
the neutral and the charged pions: is it so that their masses differ by
(M2π+ −M2π0)/M2π0 ≃
md −mu
md +mu
≃ 0.3 ?
The answer is no: one has
M2π+ = (mu +md)B + · · · ,
M2π0 = (mu +md)B + · · · ,
where the ellipses denote higher order terms in the quark mass expansion. The neutral
and the charged pion have the same leading term, the quark mass difference shows up
only in the quadratic piece,
M2π+ −M2π0 = O[(mu −md)2] .
The perturbation due to the quark masses can be written as
muu¯u+mdd¯d =
1
2
(mu +md)(u¯u+ d¯d)
+
1
2
(mu −md)(u¯u− d¯d) .
Isospin is a good symmetry, not because (md − mu)/(md + mu) is small, but because
the matrix elements of the operator 1
2
(md −mu)(u¯u − d¯d) are small with respect to the
hadron masses. The bulk part in the pion mass difference is generated by electromagnetic
interactions.
3 Goldstone bosons
In this section, I discuss the Goldstone theorem, illustrate it with several examples and
consider the interaction of Goldstone bosons at low energy.
3.1 The Goldstone theorem
We consider a quantum field theory which has the following properties:
i) There is a conserved current (i.e., an object that transforms as a four-vector under
proper Lorentz transformations),
Aµ(x) ; ∂
µAµ = 0.
ii) There is an operator Φ(x) such that
〈0|[Q,Φ]|0〉 6= 0 ; Q =
∫
d3xA0(x
0, ~x). (3.1)
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Then the Goldstone theorem [5] applies:
1. There exists a massless particle in the theory,
|π(p)〉 , p2 = 0 .
2. The current Aµ couples to the massless state,
〈0|Aµ(0)|π(p)〉 = ipµF 6= 0 .
From the condition (3.1), it is seen that the charge Q does not annihilate the vacuum.
3.2 The free scalar field
We begin with a very simple example, the free, massless scalar field. The lagrangian is
given by
L0 = 1
2
∂µφ∂
µφ .
For the current Aµ, we take
Aµ=∂µφ .
This current is conserved, because φ is a free field. Consider now Φ = φ. From the
canonical commutation relations, it follows that the condition (3.1) is satisfied. Therefore,
the Goldstone theorem applies. Indeed, we can easily check directly:
• φ generates massless states ,
and
• 〈0|Aµ(0)|π〉 = −ipµ 6= 0 .
3.3 The linear sigma model
We consider the linear sigma model (LσM ), because it allows one to illustrate many
features of effective field theories. At the same time, it serves as a model with spontaneous
symmetry breaking. The lagrangian is
Lσ = 1
2
∂µ~φ · ∂µ~φ− g
4
(~φ2 − v2)2 , (3.2)
where ~φ = (φ0, φ1, φ2, φ3) denotes four real fields, and ~φ2 = φkφk [repeated indices are
summed over in the absence of a summation symbol]. In the following, we assume that
v2 > 0 ,
and discuss
9
• the symmetry properties of Lσ
• spontaneous symmetry breakdown
• Goldstone bosons
• quantization
• Goldstone boson scattering
Symmetry properties Here, we consider the classical theory and observe that Lσ is
invariant under four-dimensional rotations of the vector ~φ,
φi → Rikφk , R ∈ O(4) .
The matrices R can be parametrized in terms of six real parameters. Let us consider
infinitesimal rotations
R = 1 + ε+O(ε2) .
Because R is an orthogonal matrix, ε is antisymmetric, ε + εT = 0. Every real and
antisymmetric four by four matrix can be expanded in terms of six generators,
ε =
3∑
i=1
(
ciε
i
V + diε
i
A
)
,
where ci, di are 6 real parameters. The generators

1
A

2
A

3
A
0
B
B

0  1 0 0
1 0 0 0
0 0 0 0
0 0 0 0
1
C
C
A
0
B
B

0 0  1 0
0 0 0 0
1 0 0 0
0 0 0 0
1
C
C
A
0
B
B

0 0 0  1
0 0 0 0
0 0 0 0
1 0 0 0
1
C
C
A
0
B
B

0 0 0 0
0 0 0 0
0 0 0  1
0 0 1 0
1
C
C
A
0
B
B

0 0 0 0
0 0 0 1
0 0 0 0
0  1 0 0
1
C
C
A
0
B
B

0 0 0 0
0 0  1 0
0 1 0 0
0 0 0 0
1
C
C
A

1
V

2
V

3
V
1
satisfy the commutation relations
[εaV , ε
b
V ] = ε
abcεcV ,
[εaV , ε
b
A] = ε
abcεcA ,
[εaA, ε
b
A] = ε
abcεcV ,
with ε123 = 1, cycl. The linear combinations
QaL =
1
2
(εaV − εaA) , QaR =
1
2
(εaV + ε
a
A) ,
generate two commuting SU(2) Lie-algebras (up to a factor i),
[QaI , Q
b
I ] = ε
abcQcI ; I = L,R ,
[QaL, Q
b
R] = 0 .
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In other words, the lagrangian Lσ has a SU(2)L× SU(2)R symmetry. As a result of this,
there are six conserved Noether currents, which we take to be
V aµ = ε
abcφb∂µφ
c ,
Aaµ = −φ0
↔
∂µ φ
a ; a = 1, 2, 3 .
Spontaneous symmetry breaking
The potential V = g(~φ 2 − v2)2/4 is extremal at φ = 0 and at ~φ 2 = v2. The latter
configuration corresponds to a global minimum. The vector
~φG = (v,~0) ,
which realizes this global minimum, is only invariant under the subgroup H = O(3) (with
generators εaV ), see figure 3 for the case where the symmetry group is O(2). The number
of generators that do not leave invariant ~φG is nG − nH = 3, where
nG : # of parameters in O(4) ,
nH : # of parameters in O(3) .
Therefore, one expects three Goldstone bosons in the spectrum of the theory.
3
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Figure 3: Potential for O(2)
Goldstone bosons
In order to identify the Goldstone bosons, we consider fluctuations around the configura-
tion ~φG, and write
~φ = (v + ϕ0, ~π) ; ~π = (π
1, π2, π3) ,
11
where we have introduced the pion fields ~π. In terms of the new fields, the lagrangian
becomes
Lσ = 1
2
[∂µϕ0∂
µϕ0 − 2gv2ϕ20] +
1
2
∂µ~π · ∂µ~π
−gvϕ0 (ϕ20 + ~π 2)−
g
4
(ϕ20 + ~π
2)2 . (3.3)
The kinetic term shows that there is indeed one massive field ϕ0, with mass m =
√
2gv,
together with three massless fields ~π.
Quantization
One evaluates Green functions generated by the lagrangian (3.3) in the standard manner.
At tree level, one has one massive and three massless fields, as in the classical theory.
Evaluating loops, one finds that ϕ0 picks up a vacuum expectation value at order h¯. One
shifts this field again, such that the new field has a vanishing one-point Green function,
and finds that the remaining three particles stay massless also in the loop expansion.
Goldstone boson scattering
Finally, we consider GB scattering at tree level, with the lagrangian (3.3). In particular,
we consider the process
π1(p1)π
2(p2)→ π3(p3)π4(p4) ,
where π1 denotes the GB number one, etc. The relevant diagrams are displayed in Fig. 4.
4
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Figure 4: Goldstone boson scattering with the lagrangian (3.3). Solid (dashed) lines stand
for massless (massive) particles
The scattering matrix element has the structure
T kl;ij = δijδklA(s, t, u) + cycl. ,
s = (p1 + p2)
2, t = (p3 − p1)2, u = (p4 − p1)2 . (3.4)
(The Kronecker symbols occur, because the lagrangian is invariant under an O(3) rotation
of the pion fields ~π). The invariant amplitude is
A(s, t, u) =
4g2v2
m2 − s − 2g . (3.5)
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At small momenta, the constant terms cancel out,
A(s, t, u) =
s
v2
+O(s2) . (3.6)
In other words, the interaction between the GB vanishes at zero momenta. The constant
v is related to the matrix elements of the axial current,
〈0|Aaµ(0)|πb(p)〉 = iδabvpµ .
3.4 QCD with two flavors
We now go back to the discussion of the Goldstone theorem in the framework of QCD. In
section 2, we noted that the three axial currents Aaµ are conserved in the case of vanishing
quark masses. For the field Φ in (3.1), we choose Φ = q¯γ5τ
aq (three fields, one for each
a). Applying canonical commutation relations, one finds that
[QaA,Φ
b] = −δab(u¯u+ d¯d) ; a, b = 1, 2, 3 .
Provided that the vacuum expectation value of the quark bilinear is different from zero,
the Goldstone theorem applies:
〈0|u¯u|0〉 6= 0⇒ 3 Goldstone bosons .
(The vacuum expectation value of u¯u is equal to the one of d¯d by isospin symmetry.)
Lattice calculations support the conjecture that 〈0|u¯u|0〉 is different from zero. Later in
these lectures, we shall see that data on Ke4 decays do so as well.
How does one evaluate GB scattering in QCD? This is a very complicated affair: the
QCD lagrangian contains quark and gluon fields, not pion fields. On the other hand,
if QCD is spontaneously broken in the manner just discussed, the Goldstone theorem
guarantees that the axial current can be used as an interpolating field for the pion [8].
Let us consider therefore the matrix element
Gµ(p4, p3; p1) = 〈π(p3)π(p4)out|Aµ(0)|π(p1)〉 , (3.7)
where I have suppressed all isospin indices. This matrix element has two parts: one, where
the axial current generates a pion pole, and a second one, which is free from one-particle
singularities, see Fig. 5.
5
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Figure 5: Singular and non singular contributions to the matrix element (3.7) of the axial
current. The wavy line denotes the axial current, the solid lines the pions
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According to the LSZ reduction formula [9], the quantity Gµ has the structure
Gµ =
Fqµ
q2
T (p3, p4; p1) +Rµ , (3.8)
where T denotes the elastic ππ scattering matrix element, and where F is the pion decay
constant,
〈0|Aµ(0)|π(p)〉 = ipµF .
The remainder Rµ is non singular when q
µ = (p3 + p4 − p1)µ is sent to zero. We contract
both sides in (3.8) with qµ. Because the axial current is conserved, the left-hand side
vanishes, and therefore
FT (p3, p4; p1) + q
µRµ = 0 .
One concludes that the scattering matrix element vanishes at qµ = 0 - this was easy to
prove! We find again that the GB do not interact at vanishing momenta. One can even
go further: as already mentioned in the introduction, Weinberg determined in 1966 [1] –
using current algebra – the leading term of the ππ scattering amplitude in a systematic
expansion of the momenta and of the pion mass.
4 Effective field theories
As we have just seen, it is possible to get a great deal of information about the interactions
of GB in QCD without actually solving the theory. Effective field theories (EFT) provide
the proper framework to perform detailed calculations in a systematic manner. EFT are
valid in a restricted energy region, describing there an underlying theory that is valid on
a wider energy scale. The situation for the Standard Model is illustrated in Fig. 6.
6PSfrag replaements
0
E
Use physial elds
  
; K
; 
`; 
quarks
gluons
W;Z; `; 
Beyond SM?
Fig. 6. gtab.ps
Figure 6: The Standard Model at various energy scales. At low energy, the effective
theory is formulated in terms of physical fields
Effective field theories are in particular useful, when a full calculation is not yet pos-
sible, as is the case with the Standard Model at low energies. One sets up an EFT with
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the same symmetry properties – in case of the Standard Model, this effective theory is
called Chiral perturbation theory. A second possibility for the use of EFT occurs in case
that the calculations can be done in the underlying theory, but are very complicated.
An example is provided by the calculation of bound states in the framework of QED,
which can be performed, in principle, at any desired order by use of the Bethe-Salpeter
equations. On the other hand, as Caswell and Lepage have shown [10], the use of EFT
makes life very much simpler also in this case, because the electrons and positrons are
moving very non-relativistically in the atoms, and a relativistic calculation is not really
needed. Further applications concern the case where the underlying theory is not known
– one builds the effective theory in terms of the light fields and attempts to determine
from experiment the unknown coupling constants that occur in there.
In the following, I discuss the low-energy EFT for the LσM and for QCD.
4.1 Linear sigma model at low energy
We have seen in the last section that the O(4) version of the LσM in its broken phase
develops three Goldstone bosons, which interact weekly at low energy (we have proven
this at tree level only).
In the following, we construct an effective theory that contains only pions and their
interactions - the sigma particle is removed from the theory. This EFT is constructed in
such a manner that the Green functions with pion fields, evaluated in the LσM at low
energies, are recovered by the EFT. How can this be achieved?
As a first step, one constructs an EFT which reproduces all tree graphs at low energies,
to any order in the low-energy expansion: as is seen from the explicit expression (3.5),
the scattering matrix element contains arbitrarily high powers in the momenta even at
tree level. The procedure to construct the effective lagrangian is described in detail in
the article by Nyffeler and Schenk [11] - I do not repeat the argument here and refer the
interested reader instead to this work. The result can be written in various equivalent
forms. Here, I use
Lσeff = Lσ2 + Lσ4 + · · · .
The lagrangians Lσn contain n derivatives of the pion fields. These derivatives become
momenta in Fourier space: the effective lagrangian provides a momentum expansion of
the amplitudes. Explicitly, one has for the leading term
Lσ2 =
v2
4
〈∂µU∂µU †〉 , (4.1)
where U is a 2× 2 unitary matrix,
U = σ · 12×2 + i
v
τkπk ; σ2 +
~π2
v2
= 1 , ~π = (π1, π2, π3) .
The symbol 〈A〉 denotes the trace of the matrix A, and τk are the Pauli matrices. In order
to illustrate the structure of this lagrangian, we expand it in terms of the pion fields:
Lσ2 =
1
2
∂µ~π · ∂µ~π + 1
8v2
∂µ~π
2∂µ~π2 +O(~π6) .
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The lagrangians Lσ4,6,8... have a similar structure [11].
Comments
• Only pions occur in the effective theory, the heavy particle has disappeared.
• It is easy to calculate the ππ scattering amplitude at tree level with Lσ2 - only one
diagram remains to be calculated. The result is identical to the first term on the
right-hand side of (3.6). The higher order terms in the expansion of the amplitude
(3.5) are generated by the tree graphs of Lσ4,6,...
• The mass of the sigma particle is given by m = √2gv. As a result of this, the
interactions disappear formally in the large-mass limit.
5. Where has the O(4) symmetry of the LσM gone? Lσ2 is invariant under
U → VRUV †L ; VR,L ∈ SU(2) .
Therefore, the effective theory has an SU(2)R × SU(2)L symmetry, as the original
theory.
6. How is the spontaneously broken symmetry realized?
UG = 12×2 is the ground state. It is only invariant under
UG → V UGV † .
Therefore, the theory is spontaneously broken,
SU(2)R × SU(2)L ⇒ SU(2)V ,
and generates three Goldstone bosons.
The lagrangian Lσeff reproduces the tree graphs of the LσM - how about loops? Indeed,
one may calculate the scattering amplitudes in the framework of the LσM to any order
in the loop expansion, perform a low-energy expansion of the result, and finally construct
an effective theory that reproduces the result of this calculation, order by order in the
low-energy expansion. The procedure is carried out to one loop in [12, 11].
4.2 QCD at low energy
The effective theory of QCD is formulated in terms of asymptotic pion fields. As is the
case for the LσM , the effective theory consists of an infinite number of terms, with more
and more derivatives [13, 12]:
Leff = L2 + L4 + L6 + · · · . (4.2)
All that goes into the construction of Leff are symmetry properties of QCD. The result
for the leading term is
L2 = F
2
4
〈∂µU∂µU † + 2BM(U + U †)〉 , (4.3)
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where the field U is the same as above, and where
M =
(
mu 0
0 md
)
contains the quark masses mu, md. A glance at (4.1) shows that, at mu = md = 0, the
leading order lagrangians in the LσM and in QCD agree, provided that one sets v = F .
The leading term (4.3) contains the two constants F and B which are related to the pion
decay constant and to the quark condensate, respectively [12],
〈0|Aaµ(0)|πb(p)〉 = ipµFδab ,
〈0|u¯u|0〉|mu=md=0 = −F 2B .
We have made a very big step: we have replaced the QCD lagrangian LQCD by the effective
lagrangian Leff . This transition may be visualized in terms of Feynman graphs: in Fig. 7
is displayed one of the infinitely many graphs that contribute to ππ scattering in QCD,
and which are all equally important. On the other hand, in the effective theory, only the
two graphs displayed in Fig. 8 contribute at leading order. In the figure, the symbol M2
stands for the combination
M2 = (mu +md)B (4.4)
which finally counts in L2, see below. The crucial point to observe is the fact that the
transition
LQCD ⇒ Leff
is a non perturbative phenomenon. It is very different from the construction of the effective
theory for the linear sigma model, where the loop expansion in the original theory does
make sense, and where the low-energy representation can be worked out order by order
in the loop expansion.
7
Fig. 7. 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Figure 7: ππ scattering in QCD. Displayed is one of the infinitely many graphs that
contribute in QCD, and which are all equally important
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Figure 8: Evaluating the ππ scattering amplitude with the effective lagrangian L2 in (4.3).
Only the two graphs displayed contribute at leading order. The symbol M2 is defined in
(4.4)
I have provided
• no proof that L2 is the correct leading order lagrangian.
• no discussion of the group theoretical background (realization of the group SUR(2)×
SUL(2) on curved manifolds).
For these issues, I refer the interested reader to earlier Schladming lectures by Leut-
wyler [14], Manohar[15] and Ecker[16]. Leutwyler has proven in [17] that the above
lagrangian does reproduce the Green functions of QCD at low energy, see also below.
5 Calculations with Leff
In the last section, we have displayed the effective lagrangian that allows one to evaluate
masses, form factors and scattering matrix elements in QCD at low energy. The results
are valid at small values of the quark masses and of the momenta. In this section, I
illustrate the procedure with several examples.
5.1 Leading terms
Evaluating matrix elements at tree level with the effective lagrangian (4.3) generates
the leading term in the low-energy expansion, see later for a precise meaning of this
terminology.
Pion masses
Consider the kinetic term in L2,
L2 = 1
2
[∂µ~π · ∂µ~π −M2~π2] +O(~π4) .
We conclude that the three pions have the same mass in this approximation,
M2π± =M
2
π0 =M
2 . (5.1)
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Remark: We denote by Mπ± and Mπ0 the charged and neutral pion mass, respectively.
The symbol Mπ stands for the pion mass in the isospin symmetry limit, whereas M
2 is
the first term in the quark mass expansion of the charged and neutral pion (mass)2.
ππ scattering
The terms of order ~π4 in L2 generate the leading term in the ππ scattering amplitude,
L2 = kinetic term + 1
8F 2
[∂µ~π
2∂µ~π2 −M2~π4] +O(~π6) .
The couplings are
1
F 2
and
M2
F 2
.
In other words, the mass M is also a coupling! Figure 8 displays the two diagrams that
one has to evaluate in this case.
a) π+π− → π0π0
The scattering matrix element is
T =
M2 − s
F 2
+O(p4) ; s = (p1 + p2)
2 .
This result agrees with (1.1), up to the replacement (M,F )→ (Mπ, Fπ), which is a higher
order effect, included in the symbol O(p4).
b) πaπb → πcπd
The structure of the matrix element in the general case is displayed in (3.4). The
invariant amplitude A(s, t, u) becomes
A(s, t, u) =
s−M2
F 2
+O(p4) . (5.2)
c) Isospin amplitudes
For later use, we introduce here the isospin amplitudes
T I=0 = 3A(s, t, u) + A(t, u, s) + A(u, s, t) ,
T I=1 = A(t, u, s)−A(u, s, t) ,
T I=2 = A(t, u, s) + A(u, s, t) .
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5.2 Higher order trees
Evaluating tree-level graphs with L2 generates the leading terms of the quantities in ques-
tion. How about the contributions from L4? It contains e.g. terms with four derivatives,
like
L4 = d1〈∂µU∂µU †〉2 + · · · .
What is the effect of this term? From
〈∂µU∂µU †〉2 = 4
F 4
(∂µ~π · ∂µ~π)2 + · · · ,
we conclude that L4 also contributes to elastic ππ scattering. Since four derivatives are
involved, there will be four powers of the momenta. Indeed, at tree level, L4 contributes
with
δA(s, t, u) =
8d1
F 4
(s− 2M2)2 + · · · . (5.3)
This term is of order p4 for small momenta. One can perform the expansion in a systematic
manner - there are only a limited number of terms at order p4 [12]:
L4 =
7∑
i=1
liPi ,
P1 =
1
4
〈∂µU∂µU †〉2 , P2 = 1
4
〈∂µU∂νU †〉〈∂µU∂νU †〉 ,
P3 =
1
16
〈2BM(U + U †)〉2 , P7 = − 1
16
〈2BM(U − U †)〉2 .
P4,5,6 do not contribute to the ππ scattering amplitude. Why is knowledge of L4 useful?
Suppose that the LECs li are known ⇒ low-energy amplitudes are parametrized in terms
of 7 parameters ⇒ all other amplitudes fixed in terms of these parameters at this order
in the low-energy expansion.
Comments
• Chiral symmetry and C, P, T invariance have been used to determine L4. For ex-
ample,
〈∂µU∂µU †〉2
is invariant under U → VRUV †L , VI ∈ SU(2) .
• The low-energy constants li (LECs) are not fixed by symmetry arguments.
• The operators P1,2,3,7 contribute to the following processes:
P1, P2 → ππ → ππ, . . .
P3 → M2π , ππ → ππ, . . .
P7 → M2π+ −M2π0 .
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Example
Taking into account the contributions from L4, the pion masses read at tree level
M2π± = M
2 +
2l3
F 2
M4 ,
M2π0 = M
2
π± −
2B2
F 2
(md −mu)2l7 . (5.4)
5.3 Loops
Scattering amplitudes, evaluated with
L2 + L4
at tree level, are still real. To be in accord with optical theorem, one needs to evaluate
loops. This guarantees that unitarity is satisfied order by order in the low-energy expan-
sion, like in any standard loop expansion in QFT. We illustrate the evaluation of loops in
the case of the pion mass.
Pion mass
To evaluate the pion mass in the isospin symmetry limit mu = md, we consider the
connected two-point function
δab△c(p) = i
∫
d4x eipx〈0|Tφa(x)φb(0)|0〉c . (5.5)
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Figure 9: Tree and tadpole contribution from L2 to the two-point function (5.5)
Taking into account the tree and tadpole contributions displayed in Fig. 9, we find
that
△c(p) = Z
M2p − p2
,
where
M2p = M
2 +
M2I
2F 2
, I =
∫
d4l
i(2π)4
1
M2 − l2 .
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The tadpole integral I is quadratically divergent. A standard method to cope with this
situation is to perform the integral in d dimensions,
I →
∫
ddl
i(2π)d
1
M2 − l2 =
Md−2
(4π)d/2
Γ(1− d/2) .
The result is now finite at d 6= 2, 4, 6 . . ., whereas it is still still divergent at d = 4 :
M2I → M
4
8π2
1
d− 4 , d→ 4 .
There is also a tree contribution from L4, see (5.4),
δM2p =
2l3
F 2
M4 .
If we tune l3 to diverge as d→ 4 as well, we may cancel the divergence in the mass:
l3 → − 1
32π2
1
d− 4 + finite , d→ 4
The physical pion mass at mu = md finally becomes
M2π =M
2 − M
4
32π2F 2
l¯3 +O(M
6) . (5.6)
The quantity l¯3 contains the finite parts from l3 and from the tadpole integral I [12].
Comments
• The required counterterm to cancel the divergence stems from L4. The divergences
cannot be canceled by tuning parameters in L2: this is a typical feature of a non-
renormalizable theory.
• Non-renormalizability does not mean non-calculability: the effective theory of QCD
allows one to calculate all quantities perfectly well. The only disadvantage is the
increasing number of low-energy coupling constants that one is faced with while
incorporating higher order terms in the expansion.
• The contribution from the tadpole is suppressed, it is of order M4, not of order M2.
5.4 Renormalization made systematic
Similar divergences occur in other amplitudes, like ππ → ππ, when loops are calculated.
These divergences can all be canceled by tuning the li in the lagrangian with four deriva-
tives. The final prescription for the evaluation of the Green functions at order p4 reads
as follows: the effective lagrangian is
Leff = L2 + L4 + L6 + · · · ,
22
where L2 is given in (4.3), and
L4 =
7∑
i=1
liPi , L6 =
53∑
i=1
ciQi .
The polynomials Pi (Qi) and the divergent parts in the LECs li (ci) have been determined
in [12] ([18]). At order p6, there are in addition so called parity odd terms, that come
with an epsilon tensor [19]. Further, some of the polynomials Pi, Qi vanish in the absence
of external fields. I refer the reader to [18] for a guided tour through L6.
The Green functions are calculated as follows:
leading terms: trees with L2
next-to-leading terms:
{
trees with L4
one loop with L2
next-to-next-to-leading terms:
{ trees with L6
one loop with L4
two loops with L2
Comments
• Next-to-leading terms are suppressed by p2 with respect to the leading term, the
next-to-next-to leading terms by p4, etc.
• The finite parts of the low-energy constants li, ci are not fixed by symmetry con-
siderations. On the other hand, they are calculable in principle in QCD. We are
witnessing a transition period, where one starts to be able to evaluate the LECs in
the framework of QCD - see [20] for recent examples.
• Meanwhile, until the transition period is over, one takes LECs from data, from sum
rules etc.
• We will comment in the final section about the introduction of additional funda-
mental fields in the effective lagrangian.
6 Pion-pion scattering
In this section, I consider in some detail the evaluation of the elastic ππ scattering ampli-
tude in the low-energy region at order p6. The motivation for investigating this reaction
in great detail includes the following points:
• It is possible to make precise theoretical predictions.
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• Some of the threshold amplitudes are sensitive to the mechanism of spontaneous
chiral symmetry breaking.
• There are new experimental activities:
BNL-865 at Brookhaven Ke4 decays [22]
NA48 at CERN Ke4 decays [23]
KLOE at DAFNE Ke4 decays [24]
DIRAC at CERN π+π− atom [25]
• The analysis of the P -wave amplitude in elastic ππ scattering provides very useful
information for the evaluation of the anomalous magnetic moment of the muon [26].
Why do the so called Ke4 decays
K+ → π+π−e+νe ,
K+ → π0π0e+νe ,
K0 → π0π−e+νe ,
and their charge conjugate modes provide information on ππ scattering?
First explanation
The emerging pions in the decay products interact with each other (final state interaction).
The decay width is therefore sensitive to this interaction.
Second explanation (more learned)
The decay matrix element is described by form factors. One may perform a partial wave
analysis of these - the partial wave amplitudes then carry the phases of the ππ interaction
(Watson’s final state theorem). In the decay, one measures interference terms between
the various partial waves. The decay of the charged kaon into a charged pion pair plus
leptons turns out to be sensitive to
δI=0l=0 (Eππ)− δ11(Eππ) ,
where Eππ denotes the centre-of-mass energy of the pion pair. The investigation of π
+π−
atoms (Pionium) is of interest for the following reason. The atom is formed by electro-
magnetic interactions. It is not stable - the ground state, e.g., has various decay channels,
Aπ+π− → π0π0, γγ, π0π0γγ, . . . .
The decay into the neutral pion pair depends on the strength of the strong interactions [27,
28],
Γ =
2
9
α3p∗|a00 − a20|2(1 + δ) , (6.1)
where a00 denotes the I = 0 S-wave scattering length a
I=0
l=0 , and p
∗ is the modulus of the
centre-of-mass momentum of the neutral pions in the rest system of the decaying atom.
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Further, α ≃ 1/137 is the fine structure constant of QED. The decay width into a photon
pair is suppressed by the factor α3/2 with respect to the π0π0 channel. The correction δ
is also known [28],
δ = 0.058± 0.012 .
A measurement of the lifetime of the ground state therefore amounts to a measurement
of the combination |a00 − a20|.
6.1 Chiral expansion of the ππ amplitude
The chiral expansion of the invariant scattering amplitude A(s, t, u) is performed in the
manner discussed in the previous section and has the structure
A(s, t, u) = A2 + A4 + A6 + · · · ,
where A2n is of order p
2n.
Leading order
The leading order result is given in (5.2). For the I = 0 S-wave scattering length, one
obtains from that expression
a00 =
7M2
32πF 2
= 0.16 . (6.2)
In the numerical evaluation, I have replaced M and F by Mπ± = 139.57 MeV and by
Fπ = 92.4 MeV, respectively (the replacements amount to taking into account some of
the higher order effects in the calculation of the scattering amplitude). The data on Ke4
decays collected in the seventies gave [29]
a00 = 0.26± 0.05 [from 30’000 Ke4 decays] .
The question was – for many years – whether this indicates a failure of the chiral prediction
(6.2). Indeed, if the condensate 〈0|u¯u|0〉 is small or vanishing, one can understand a large
value of the scattering length. This is the main idea of the so-called generalized chiral
perturbation theory, which was much discussed at the end of the last millennium [30]. In
order to decide the issue, one needs more precise data and a more precise calculation.
Both is available in our days, as we will show below.
Next-to-leading order
One evaluates one-loop graphs with L2 and tree-graphs with L4. Some of these are
displayed in Fig. 10.
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Fig. 10. fourpoint-one-loop.ps
Figure 10: One-loop graphs in elastic ππ scattering. The filled squares denote contribu-
tions from L4
The result can be written in the form
A4 = a1M
4
π + a2M
2
πs+ a3s
2 + a4(t− u)2
+F (s) +G(s, t) +G(s, u) .
We note the following:
• The amplitude A4 carries four powers of momenta
• F,G denote loop functions. They generate the imaginary parts which are required
by unitarity at order p4. Example:
F (s) =
1
2F 4π
(s2 −M4π)J¯(s) ,
J¯(s) =
1
16π2
{
σ log
1− σ
1 + σ
+ 2 + iπσ
}
,
σ = (1− 4M2π/s)1/2 ; s > 4M2π .
The function J¯(s) is analytic in the complex s-plane, cut along the real axis for
s ≥ 4M2π .
• ai contain the low-energy constants l¯1,2,3,4 from L4. For example, the I = 0 S-wave
scattering length now reads
a00 =
7
32π
M2π
F 2π
{
1 + ε+O(M4π)
}
,
ε =
5
84π2
M2π
F 2π
(
l¯1 + 2l¯2 − 3
8
l¯3 +
21
10
l¯4 +
21
8
)
.
• the LECs l¯i contain so-called chiral logarithms:
l¯i → − logM2π , Mπ → 0 ,
which generate large corrections,
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a00 =
7M2π
32πF 2π
{
1− 9
32π2
M2π
F 2π
logM2π/µ
2
︸ ︷︷ ︸
χlogarithm
+ · · ·
}
.
The χ logarithms generate a 25% correction at µ = 1 GeV.
Next-to-next-to leading order
In order to evaluate A6, one needs to perform a two-loop calculation with L2, one-loop
with L4 and trees with L6. A few of the two-loop graphs are displayed in Fig. 11.
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Figure 11: Two-loop graphs in elastic ππ scattering
It turns out that all graphs can be evaluated in closed form [31]! The structure of A6
is as follows:
A6 = loop functions
+b1M
6
π + b2M
4
πs+ b3M
2
πs
2 + b4M
2
π(t− u)2 + b5s3 + b6s(t− u)2 .
The calculation determines b1, . . . , b6 in terms of the LECs at order p
4 and p6 [31]. Obvi-
ously, one is faced with a problem here: one needs to determine the LECs before a precise
prediction of the scattering lengths can be performed.
6.2 Type A,B LECs
One encounters the following LECs in the ππ amplitude up to and including terms of
order p6:
l¯1, l¯2, l¯3, l¯4 : L4
r¯1, ...., r¯6 : L6
They come in two categories [32]:
1. Terms that survive in the chiral limit:
l¯1, l¯2, r¯5, r¯6 type A
These LECs show up in momentum dependence of the ππ amplitude, and may therefore
be determined phenomenologically.
2. Symmetry breaking terms:
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l¯3, l¯4, r¯1, r¯2, r¯3, r¯4 type B
These LECs specify the quark mass dependence of the amplitude. The ππ scattering
amplitude cannot provide information on type B LECs, because one cannot vary the
quark mass in experiments.
We discuss in the following section how these LECs can be determined, and what the
result for the scattering lengths finally is.
7 Roy equations and threshold parameters
Roy equations allow one to determine type A LECs and to pin down the ππ scattering am-
plitude in the low-energy region with high precision. It is useful to discuss Roy equations
in two steps. In the first step, no relation to chiral symmetry is used - the only ingredients
are analyticity, unitarity, crossing symmetry, data above 800 MeV and Regge behaviour
beyond 2 GeV. In a second step, one merges the representation of the amplitude with the
chiral representation discussed in the previous section.
7.1 ππ → ππ: Roy I
Analyticity, crossing symmetry and the Froissart bound lead to dispersion relations for
the partial waves of the ππ scattering amplitude. As has been shown by Roy [33], the
imaginary part of the partial waves is needed only in the physical region. These dispersion
relations read
tIℓ(s) = k
I
ℓ (s) +
2∑
I′=0
∞∑
ℓ′=0
∫ ∞
4M2pi
ds′KII
′
ℓℓ′ (s, s
′) Im tI
′
ℓ′ (s
′) ,
where ℓ(I) denotes the angular momentum (isospin) of the partial wave. The subtraction
term kIℓ (s) contains the scattering lengths a
0
0, a
2
0, and the kernels K
II′
ℓℓ′ (s, s
′) are explicitly
known functions of s and of s′. At low energy, only S- and P - waves matter, and the
contributions from the remaining waves may be expanded in a Taylor series. Unitarity
expresses the imaginary parts of the partial waves in terms of the real parts (in the elastic
region) – the above dispersion relations then become (singular) integral equations for the
two S- and for the P -wave. These may be solved numerically [34, 36]. In [36], it has been
shown that the two S-wave scattering lengths a00, a
2
0 are the essential parameters. Once
these are fixed, experimental data (above 800 MeV) plus Regge behaviour above 2 GeV
determine the amplitude in the low energy region to within rather small uncertainties.
Figure 12 displays the universal band in the a00 − a20 plane, for which solutions may be
found. An example solution for the three waves is displayed in Fig. 13.
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Figure 12: The universal band in the a00− a20 plane. For each point in this band, a unique
solution to the Roy equations can be constructed
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Figure 13: Example of a solution to the Roy equations. Displayed are the real parts of
the partial waves, as a function of the centre-of-mass energy of the pions
7.2 ππ → ππ: Roy II
In the previous subsection, no reference to ChPT was made. We now invoke this informa-
tion: one requires that the χ amplitude agrees with phenomenological amplitude below
the threshold region. Subtractions and matching are performed in such a manner that
χ logarithms are suppressed. This procedure allows one to determine the type A LECs
listed in subsection 6.2. Type B LECs are determined form other sources:
l¯4 :↔ scalar radius of pions
l¯3 :↔ SU(3), Zweig rule
r¯1,2,3,4 ↔ resonance saturation
We have now arrived at solutions to the Roy equations that agree with the chiral amplitude
at low energy. In other words, the three lowest partial waves below 800 MeV are fixed.
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The scattering lengths of the partial waves with ℓ ≥ 1, as well as the effective ranges
(also those of the S-waves) can be expressed in terms of sum rules over the imaginary
parts [37]. In Fig. 14 is displayed the resulting P -wave phase shift. This allows one to
pin down the electromagnetic form factor of the pion with high precision [26].
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Figure 14: The P -wave from the Roy analysis
This form factor plays a very important role in the evaluation of the anomalous mag-
netic moment of the muon, see Marc Knecht’s lectures at this school.
Finally, we come to the two S-wave scattering lengths, which are now also fixed [38, 32],
a00 = 0.220± 0.005 ,
a00 − a20 = 0.265± 0.004 .
I refer the reader to [32] for scattering lengths and effective ranges of other waves. The
above result also provides [28] a precise prediction for the lifetime of Pionium in the
ground state via (6.1),
τ = (2.9± 0.1)× 10−15 sec .
This prediction is presently confronted with experiment at DIRAC [25].
7.3 The coupling l¯3
The main difference between generalized chiral perturbation theory (GChPT [30]) and the
standard picture used here resides in the coupling constant l¯3, which can take any value
in GChPT. Let me recall where this constant occurs. First, consider the chiral expansion
of the pion mass (5.6). We write
l¯3 = log
Λ23
M2π
.
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Crude estimates in the standard version of ChPT give [12]
0.2 GeV < Λ3 < 2 GeV .
The term of order M4 in (5.6) is then very small compared to the leading term, i.e., the
Gell-Mann-Oakes-Renner formula is obeyed very well. As mentioned, GChPT allows for
arbitrarily large values of l¯3. The quadratic term in (5.6) is then not leading, the series
must be reordered. It is very satisfactory that experiment can decide the issue, for the
following reason. The constant l¯3 also occurs in the expression for the scattering lengths
a00 and a
2
0. One may then perform the matching of the chiral and the phenomenological
amplitude as discussed above with l¯3 as a free parameter. The result of this investiga-
tion [32, 39] is displayed in Fig. 15 [40]. The allowed values of the scattering lengths lie
in the small hatched band in the figure. This band reflects a low-energy theorem [32] for
the difference 2a00 − 5a20,
2a00 − 5a20 =
3M2π
4πF 2π
(
1 +
M2π〈r2〉s
3
+
41M2π
192π2F 2π
+O(M4π)
)
, (7.1)
where 〈r2〉s denotes the scalar radius of the pion. The terms of order M6π in (7.1) generate
the curvature of the band. For each value in the band, one can calculate the difference
δ00 − δ11 of ππ phase shifts, and compare with data on K+ → π+π−e+νe decays.
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low energy theorem for scalar radius
prediction
Figure 15: Constraints imposed on the S-wave scattering lengths by chiral symmetry.
The three circles illustrate the prediction of the chiral perturbation theory at increasing
order. The error ellipse represents the final result from Ref. [32], while the narrow, curved
band indicates the region allowed in GChPT
E865 has performed this analysis, with the result [22]
a00 = 0.216± 0.013 (stat)± 0.002 (syst)± 0.002 (theor) .
The central value leads to l¯3 ≃ 6, with an uncertainty of about 10 units. In the expansion
(5.6), the second term amounts to a correction of about four percent at l¯3 =6. From this,
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one concludes that the first term in the mass expansion dominates by far: the motivation
for a generalized scheme [30], with a small quark condensate and a large second term in
(5.6) has evaporated, at least for SU(2)× SU(2).
7.4 Note added after the lectures
On the precision of the theoretical predictions for ππ scattering
In two recent papers [41], Pela´ez and Yndura´in evaluate some of the low energy observables
of ππ scattering and obtain flat disagreement with our results [32] that I have described
above. The authors work with unsubtracted dispersion relations, so that their results
are very sensitive to the poorly known high energy behaviour of the scattering amplitude.
They claim that the asymptotic representation we used in [36, 32] is incorrect and propose
an alternative one. We have repeated [43] their calculations on the basis of the standard,
subtracted fixed-t dispersion relations, using their asymptotics. The outcome fully con-
firms our earlier findings. Moreover, we show that the Regge parametrization proposed
by these authors for the region above 1.4 GeV violates crossing symmetry: Their ansatz
is not consistent with the behaviour observed at low energies.
8 Outlook
Instead of a summary, I have provided at the school an outlook on topics not covered in
the lectures. This outlook was based on the structure of the effective chiral lagrangian
of the Standard Model [44] displayed in Table 1. The numbers in brackets denote the
number of independent LECs 2. The numbers refer to Nf = 3, except for the pieces with
superscript πN .
The underlined lagrangians are fully renormalized: their divergence structure has been
determined in a process independent manner. In the lectures, I had discussed aspects of
Lp2,Levenp4 and of Levenp6 in the SU(2) × SU(2) case. The above Table opens a very wide
field of further applications.
Topics
Meson and baryon decays: electromagnetic, semileptonic, leptonic, non leptonic, rare
and not so rare; decay constants Fπ, FK , . . .; scattering amplitudes: ππ → ππ, πN →
πN, γN → πN, . . .; mixing angles; quark mass ratios; large NC investigations; anomalies;
isospin violation; weak matrix elements; quark condensate; hadronic atoms; lattice: mq →
0, V →∞; quenched ChPT.
In order to study nuclear physics in the framework of ChPT, the above lagrangian must
still be enlarged. A vast amount of massive calculations in this topic have been performed
by V. Bernard, E. Epelbaum, W. Glo¨ckle, N. Kaiser, Ulf-G. Meißner and others, see e.g.
[46]. This method has allowed one to put theoretical nuclear physics on a sound basis.
For recent contributions to the topics just mentioned, see [47, 48].
2In LpiN
p4
, I changed the number 114 in Eckers table into 118, in order to agree with [45]. I thank
Ulf-G. Meißner for pointing out the correct number of LECs in this case.
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Table 1: The effective lagrangian of the Standard Model [44]
Lchiral order (# of LECs)
Lp2(2)+Loddp4 (0)+ L∆S=1GF p2 (2) +Leme2p0(1) +LemweakG8e2p0 (1)
+ LπNp (1)+LπNp2 (7) +LMB,∆S=1G8p0 (2)+ L
MB,∆S=1
G8p (8) + LπN,eme2p0 (3)
+ Levenp4 (10)+ Loddp6 (32) +L∆S=1G8p4 (22) +Leme2p2(14) + LemweakG8e2p2 (14)
+ Lleptonse2p (5)
+ LπNp3 (23)+ LπNp4 (118) + LMB,∆S=1G8p2 (?) +L
πN,em
e2p (8)
+ Levenp6 (90)
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